Diffusion or Ion Exchange with Variable Diffusion Coefficient.

Calculation of Rates and Concentration Profiles

Numerical solutions of the diffusion
equation

oC

with concentration-dependent diffusion
coefficient of the form

Do
1+aC/C
with values of @ as listed in Table 1
have been calculated for spheres and

finite slabs with the initial and bound-
ary conditions

D(C) = (2)

sphere:
t=0, 0=r<r,, C=0C"
t=0, r=r, C=0 (3)
slab:
t=0, 0<x=d, C=C
t=0, x=0, C=0 (4

Tables of the concentration profiles
C(r,t) [or C(x,t)], the amounts
Q(t) in the sphere or slab, and the
effusion rates dQ(¢)/dt are available.”

Within the limits of validity of the
Nernst-Planck model for binary ion
exchange (1) the tables also describe
exchange of two counterions A and B

# Tabular material has been depesited as docu-
ment 8210 with the American Documentation
Institute, Photoduplication Service, Library of
Congress, Washington 25, D. C., and may be ob-
tained for $68.75 for photoprints or $21.50 for
35-mm. microfilm.
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of equal valence and with mobility
ratios D4/Dj as listed in Table 1. Fur-
thermore, by simple transformations of
variables (I, 2) the tables can be used
for initial and boundary conditions
other than (3) and (4), provided that
the boundary condition is constant and
the initial distribution within the
sphere or slab is uniform.

The tables were calculated on an
IBM 7090 computer with a Fortran II
program now available through the
IBM SHARE organization (3). This
program is restricted to one concen-
tration variable and one space coordi-
nate and thus is applicable only to
one-component diffusion or coupled
binary interdiffusion as in ion exchange
and to unidimensional diffusion (slabs,
membranes, etc.) or systems with cy-
lindrical or spherical symmetry. Other-
wise, the program is general in that
any initial and boundary conditions
and any dependence of the diffusion
coefficient on concentration, time, lo-
cation, and concentration gradient can

TasLeE 1. PARAMETER VALUES

Diffusion a=(49), (19),9,4,1,
—0.5, —0.8, —0.9,
(—0.95), (—0.98)
Ion ex- D./Ds = (50), (20), 10, 5,
change 2, 1/2, 1/5, 1/10,

(1/20), (1/50)

(Calculations with values in brackets were

_carried out for spheres only.)

be specified and that the differential
equation (1) can be modified, for ex-

ample, by addition of terms for

sources, sinks, and convection.

NOTATION

a = constant parameter, dimen-
sionless

o = concentration of diffusing spe-

cies, mmoles/ml.

C° = initial concentration of diffus-
ing species in medium, m-
moles/ml.

d = thickness of finite slab, cm.

D = diffusion coefficient, sq. cm./
sec.

D, = diffusion coeflicient at vanish-
ing concentration, sq. cm./sec.

@ = amount of diffusing species in
medium, m-moles

r = distance from center of
sphere, cm.

» = radius of sphere, cm.

t = time, sec.

= distance from boundary of
slab, cm.
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A Derivation of the Riccati Difference

Equation for Ternary Extraction Systems

Finite difference solutions were re-
cently (1) obtained for stage-by-stage
mass transfer processes in which the
equilibrium relation and the quantity
of each phase were allowed to vary
with concentrations. The same prob-
lem was solved several years ago with
almost identical results (2), but the
formulation was somewhat different,
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and a comparison should be interest-
ing. Solvent extraction will be used in
this discussion, but the methods are
applicable to other operations, such as
distillation with variable overflow.

In each analysis the assumption was
made that segments of the mutual solu-
bility curves could be represented by
straight lines. Martin (1) assumed that
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the equilibrium concentrations could

be expressed by

_ax+vy
y_lﬁﬁx (1)

in which «a, v, and 8 are constants. The
assumption made in this development
was that equilibrium could be expressed
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by
x

= 2
K, + Kx (2)

y

In handling the linear solubility curves,
Martin assumed that

Zg = MmzX + bg (3)

(4)

in which my, bs, my, and b, are con-
stants.

These two equations and Equation
(1) were combined with material
balances on both components C and B
in Martin’s derivation to obtain the
Riccati difference equation.

An altenative procedure consists in
transforming the system into a simpler
one requiring only one material bal-
ance For countercurrent extraction, a
material balance yields

Z, = may + by

En+1xn+1 — Rnyn = Elxl

—pr = Sx,g_RN{N (5)
Neither E,, nor R, is constant, and
they must be expressed as functions of
concentration. For both the A-rich and
B-rich phase (Figure 1) it is assumed
that Z, the concentration of compo-
nent B, varies linearly with the con-
centration of component C, the solute.
If the quantity of component B were
constant in the B-rich phase, that is
insoluble in the A phase, the quantity
of extract would be given by E.. =

yA
———S-, and then from a material balance

Can+1

Rn = F_El + E:u,l
SZ
=F—E, + — (6)

B+l

Of course, the quantity of B in the B-
rich phase is not equal to SZ, except
in the entering solvent stream, but any
system can be transformed into one for
which a calculated quantity SZ's re-
mains constant. This is accomplished
by the manipulation shown in Figure
1. The axis is translated a distance Z.;
and rotated through an angle 6 by

2] )

Fig. 1. Transformation of coordinates.
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Z' = (Z—Zu)cos@§—Vsinb (7)
V=Vcos@+ (Z—2Z,)sinf (8)

in which V is either x or y. The mate-
rial balance for this systern becomes

E:Mlx’vul - Rny'n = E1x’1
—_ Fy’ﬁ' = Sx’s - R;vy’y = A (9)
For the transformed system
Enw=8Z2'4y/2Z s, (10)

If L is defined as cot(x — #) and
Z'y is the intercept of the B-phase

line with the Z’ axis, then
L' yna = L'yt — Li'n (11)
Substituting (11) into (10) one gets
Eonn= 82"/ (Z'py — Lx'wi) (12)
and from a material balance
Rom F— Bt —20 (18)
Z'y — L'y
if Equations (7) and (8) are applied

to Equation (2), one obtains

y = a’ —b (14)
ex' +d
in which
a=cos @+ Lsing (14a)
b=2Z,snt¢ (14b)
¢ = aK, cos ¢ (14c)
d=cos§ (K,—K.Z p sin9) (14d)

Substituting Equations (12, (13), and
(14) into (9) one obtains

Axx’n.u + A;!x’nx’n+l + Agx'n + A,1 = ()
(15)
in which
A, = [SZ'\d — (F —E,)) Lb + aLd]

A, = [SZ's¢c + (F—E,) La + ALc]

(15a)
A;( = — [SZ'Sa ~+- (F —_ El)Z’Bla
+ AZ’BIC]
A = [SZ'h + (F— E.) Z'wh
— AZ' 5d]

If the material balance is made on y,
the concentration in the A phase, an
equation identical to (15) is obtained
with s in place of «’s and in which

A= [SZ'd + A(Z' yc + Ld) ]
A, = [SZ'sc + (F —E,) (Z'wc + Ld)]
Ay =—[SZw+ (F—E,) (Zna

—Lb)]
A4 - [SZ’sb —_ A(Z’B[a —_ Lb)] (151’7)
Equation (15) is the Riccati difference

equation.

These results are identical to those
obtained by Martin except that two
constants instead of three are used in
the equilibrium relation and the solu-
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bility lines are defined by two angles
and two intercepts instead of two
slopes and two intercepts. Martin dis-
cussed methods for solving the equa-
tion and the applications of the solu-
tions obtained.

NOTATION

A = component A

ALALALA, = coefficients of the Ric-
cati difference equation

7] = a constant in the transformed

equilibrium relation

component B, the major con-

stituent of the solvent

constant in the transformed

equilibrium relation

= component C, the solute

= constant in the transformed

equilibrium relation

constant in the transformed

equilibrium relation

= extract, refers to B-rich phase

= feed, refers to A-rich phase

= constants in the equilibrium

equation

slope of the B-rich solubility

line after rotation of the axis

raffinate, refers to A-rich phase

solvent

the concentration of compo-

nent C in either phase, that is

the abscissa on a two coordi-

nate phase diagram

X = the concentration of compo-
nent C in the B-rich phase

Yy = the concentration of compo-
nent C in the A-rich phase

yA = the concentration of compo-
nent B in either phase, that is
the ordinate on a two coor-
dinate phase diagram

A = constant defined by Equation
(9)

9 = angle formed by the A-rich

phase line and the ordinate
= angle formed by the B-rich

phase line and the ordinate
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Subscripts

A-rich phase

B-rich phase

feed

intercept

the nth stage

the Nth or last stage
raffinate

solvent

the first stage

I 1 T T T

S o Y

Superscripts
! = values in the transformed sys-
tem
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